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Painleve [1] 10 . ,
Painleve , Painleve’ ( ) [2], B\"acklund
, , , , Painleve
. 1998 Sakai Painlev\’e . Painleve ,
Painlev6 [3]. Sakai Painleve $\mathrm{P}^{2}$ 9 blow-up
Cremona , generic
$E_{8}^{(1)}$ affine Weyl . Sakai , 9
, 22 . 1 , Weyl
. Weyl flow , flow Painleve’
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1: : Painleve .
, Painleve . , Weyl
B\"acklund , (Schlesinger )
Painleve . , Weyl
, Painleve’ ($n$ , $a,$ $b$ $an+b$
) .
flow $\langle$ , Weyl , Painleve
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($n$ , $p,$ $q$ $pq^{n}$ ), $\mathrm{P}\mathrm{a}\mathrm{i}\mathrm{n}1\mathrm{e}\iota^{r}\acute{\mathrm{e}}$ q-
. , $E_{6,78,}^{(1)}$ Weyl ( flow ),
. , $E_{8}^{(1)}$ Weyl ,
. $E_{8}^{(1)}$ , Painleve
, master equation .
, ( ) . Painleve’
, ( ,
) ( [4] ). ,















$2F1$ , . , 1
, 3 ( )




$A_{4}^{(1)}$ $arrow$ $(A_{2}+A_{1})^{(1)}$ $arrow$ $(A_{1}+$ $A2=141)^{(1)}$ (1)
Weyl q-Painlev6 . $D_{5}^{(1)}$
$q$-Painleve’ Sakai qPvI [5], Gauss $2F1$
$q$-analog $2\phi_{1}$ [6]. , $E$ q-Painleve
\searrow .
12 $q$-Painleve
(1y $q$-Painleve’ . $t$ , $q$ .









$P(f, t, m_{1}, \ldots, m_{7})=f^{4}-m_{1}tf^{3}+(m_{2}t^{2}-3-t^{8})f^{2}$
(3)
$+(m_{7}t^{7}-m_{3}\ell^{3}+2m_{1}t)f+(t^{8}-m_{6}t^{6}+m_{4}t^{4}-m_{2}t^{2}+1)$ ,
, $m_{k}(k=1,2, \ldots 7)$ $b_{i}(\mathrm{i}=1,2, \ldots, \mathrm{S})$ $k$ ,
$b_{1}b_{2}\cdots b_{8}=1$ , (4)
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. ,








$\overline{t}=qt$ , $b_{1}b_{2}b_{3}b_{4}=q$ , $b_{5}b_{6}b_{7}b_{8}=1$ . (7)




















$\overline{t}=qt$ , $t=q^{\frac{1}{2}}s$ . (13)








$( \overline{f}f-1)(f.\underline{f}-1)=\frac{at^{2}f}{f+t}\}$ $\overline{t}=qt$ . (16)
80
: $q$-Painleve . , 2
. , Masuda $(A_{1}+A_{3})^{(1)}$ affine Weyl






$a0a1a2a\mathrm{s}=q^{-1}$ , $f.\mathrm{o}f_{2}=f1f_{3}=t$ , $\overline{t}=qt$ . (21)
Sakai [3] . , Takenawa $D_{5}^{(1)}$




q-Painlev6 , . qq
$r\varphi_{\mathrm{S}}$ ,
$r\varphi_{S}(a_{1},\ldots,a_{r}b_{1\prime}\ldots,b_{s}$ ; $q,$ $z)= \sum_{n=0}^{\infty}\frac{(a_{1}.’\cdots a_{r},q)_{n}}{(b_{1\}\cdot\cdot,b_{s}q)_{n}(qjq)_{?l}}.[(-1)^{n}q^{(_{2}^{n})}]^{1+s-r}z^{n}$ ,
(22)




$qa_{1}a_{2}\cdots a_{r+1}=b_{1}b_{2}\cdots b_{r}$ , $z=q$, (23)
, balanced 1. ,
$qa_{1}=a_{2}b_{1}=\cdots=a_{r+1}b_{r}$ , (24)
well-poised . , (24)
$a_{2}=qa^{\frac{1}{12}})$ $a_{3}=-qa^{\frac{1}{1^{2}}}$ , (25)
very-well-poised , $r+1W_{\Gamma}$ :





; $q,$ $z)$ . (26)
1 , 3 , . [18] ,









, (16) $a=q$ . , $f=\Psi/\Phi$ (27) ,
, ( ,
) ,




$\Phi=\sum_{n=0}^{\infty},\frac{(-1)^{n}q^{(_{\circ}^{\mathrm{n}})}}{(q\cdot q)_{n}(-qq)_{n}}.(-qt)^{n}=1\varphi_{1}(0-q . q -qt))$ (29)
. , .
, $D_{5}^{(1)}$ $q$-Painleve ( $E_{6}^{(1)}$ )
[6, 11, 12, 20]. , $E$ Riccati $[7, 8]$ , $E_{6,7}^{(1)}$
Riccati , .
. 1 . , Riccati
$\overline{f}=\frac{af+b}{cf+d}$ , ( $ab,$ $c,$$d\}$ $t$ $\Phi^{\zeta}\backslash \prime \mathrm{E}\mathrm{h}$)
. $f\cdot=F/G$ ,
$h\overline{F}=aF+bG$ , $h\overline{G}=cF+dG$ ,




. , $A,$ $B,$ $C$ , 1
. , , $h$ (30) (31)
. $q$-Painleve , (30) 1,3
1 , 2 ( $E_{8}^{(1)}$
100 ). (31) ,
$\frac{B}{A}=\frac{a\underline{b}+b\underline{d}}{h\underline{b}}+\frac{b(\underline{ad}-\underline{bc})}{h\underline{hb}}+1$ ,
82
, 1 $h$ , 1
, . 4 , \searrow
, $B/A$ $h$ , ( ,
!).
2 $E$ .
, $E$ , 12 ,
. , $\tau$ , $f,$ $g$ $\tau$ ( $E_{6}^{(1)}$
[21] ). , $f,$ $g$ ,
, $E$ .




Sakai , 2 Painleve $\mathrm{P}^{2}$ 9 blow-up Cremona
. 9 generic Painleve
, 9 .
, $\mathrm{P}^{2}$ . $(x:y:z)$ $\mathrm{P}^{2}$
( , 0 $k$ ( $x$ : $y$ : $z$ ) $(k.x$ : $ky$ : $kz)$ ). $\mathrm{P}^{2}$
$P_{1}$ $(x_{1} : y_{1} : z_{1}),$
$\ldots,$







. , ( 0 ) .
, , $GL(3)$
:









$n$ . $\mathrm{A}43,n$ :
(1) $s_{i}(\mathrm{i}=1, \ldots, n-1):P_{i}$ $P_{i+1}$
(2) $s_{0}:P_{1}(1$ : 0:0$)$ , $P_{2}(0$ : 1:0$)$ , $P_{3}(0$ : 0:1 $)$ Cremona
$s_{0}$ : $(x : y : z) rightarrow(\frac{1}{x}’ \frac{1}{y}, \frac{1}{z})$ .




, , $s_{i}^{2}=1(\mathrm{i}=0, \ldots, n-1),$ $\mathrm{i}$ $j$ $s_{i}s_{j}s_{i}=s_{j}s_{i}s_{j}$ ,
$s_{i}s_{j}=s_{j}s_{i}$ , . $\langle$so, $s_{1},$ $\ldots,$ $s_{n-1}\rangle$ $E_{n}$ Weyl $W(E_{n})$
[23, 24, 25].
, $n=10$ . $s_{9}$ , $P_{1}$ $P_{9}$ $s_{i}(\mathrm{i}=0, \ldots, 8)$ affine Weyl
$W(E9)=W(E_{8}^{\langle 1)})$ . $W(E_{8}^{(1)})$ $\mathbb{Z}^{8}$ , Painleve’
. , $P_{1}$ , . . . , $P_{9}$ , $P_{10}$ .
, Wbyl , Painleve’
Painleve’ . $[24, 25]$ .
, $\mathrm{P}^{2}$ 9 3 . , $\mathbb{Z}^{8}$ (
: [24] ) 3 . , 3
$F(x.y, z)=c_{1}x^{3}+c_{2}x^{2}y+c_{3}x^{2}z+c_{4}xy^{2}+c_{5}xz^{2}+c_{6}xyz+c_{7}y^{3}+c_{8}y^{2}z+c_{9}yz^{2}+c_{10}z^{3}=0$,
.
(1) $\mathrm{P}^{2}$ 9 , 3 . ( 9 , 9 )
(2) 2 3 9 . (Bezout )
(3) $\mathrm{P}^{2}$ 8 3 1-parameter family $\lambda F+\mu G=0$ (pencil). , 3
$F=0,$ $G=0$ 9 . , 9 ,
3 pencil . 9 penc base point .
, 3 : , 3 $C$ 2 $P,$ $Q$ , $PQ$ $C$
$P*Q$ . , $C$ $O$ , $P*Q$ $O$ $C$ $P+Q$
. (3) . 3 $C$ ,
. $\mathit{0}$ 3 ( 9 ) , 2,
(1) $C$ 3 $P_{1},$ $P_{2},$ $P_{3}$ $rightarrow P_{1}+P_{2}+P_{3}=O$
(2) $C$ 6 $P_{1},$ $\ldots,$ $P_{6}$ 2 $rightarrow P_{1}+\cdots+P_{6}=O$
(3) $C$ 9 $P_{1},$ $\ldots,$ $P_{9}$ 3 $rightarrow P_{1}+\cdots+P_{9}=O$
$C$ $\mathrm{P}^{2}$ 3 Painleve’ ,
$[22, 24]$ . , $\mathbb{P}^{2}$ 10 $P_{1},$ $\ldots$ , Pl . $P_{17}\ldots,$ $P\mathrm{g}$
, $P_{10}$ . $P_{1},$ $\ldots,$ $P_{9}$ 2 ,
, $P_{8},$ $P_{9}$ $T_{89}$ . $P_{1},$ $\ldots,$ $P_{9}$ 3 $c_{l}0$ .
2\not\supset o 0\supset \iota \ $\mathit{0}$ $C$ , ’ \sim ’ t , $P_{1)}P_{2}$ ,
$P_{3}$
– $rightarrow P_{1}*P_{2}=P_{3}rightarrow P_{1}+P_{2}=\mathit{0}*P_{3}rightarrow P_{1}+P_{2}+P_{3}=O*$$((O*P\mathrm{s})* P_{3})$ $=O*O$, \acute
$O$ l b} $C$ $c$.
, $\mathit{0}$ $P_{1}+P_{2}+P_{3}=O$ .
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(1) $C_{0}$ , $\overline{P}_{8)}\overline{P}_{9}$ .
$\overline{P}_{i}=P_{i},$ $(\mathrm{i}\neq 8,9)$ , $P_{1}+\cdot$ . . $+P_{\mathrm{s}}+\overline{P}_{9}=O$ , $P_{8}+P_{9}=\overline{P}_{8}$ $\overline{P}_{9}$ . $(3\mathrm{S})$
, $C_{0}$ $P_{9}$ , $\overline{P}_{9}$ $P_{1},$ $\ldots,$ $P_{8},$ $\overline{P}_{9}$ pencil base point
. , $P_{8}$ $P_{9}$ $C_{0}$ , $\overline{P}_{9}$ , $C0$
$\overline{P}_{8}$ . ( 3 )
(2) C $F=0$ $\mathrm{I}$ (1) 3 pencil $\lambda F+\mu G=0$ . $\lambda,$ $\mu$
, $\lambda F+\mu G=0$ $P_{10}$ . $P_{1},$ $\ldots,$ $P_{8},$ $\overline{P}_{9},$ $P_{10}$ 3





$\overline{P}_{10}$ . , $P_{10}$ $P_{8}$ $C$ , $\overline{P}_{9}$
, $C$ $\overline{P}_{10}$ . ( 3 )
3: $T_{89}$
, Painleve’ 3 .
[24] . 3 Quispel-Roberts-Thompson
, Tsuda[26] . ,
Manin[27] . 9 Painleve
, .
32
2.2 Painleve , Riccati
. , ,
(1) $P_{1},$ $\ldots,$ $P_{9}$ 3
(2) $P_{1},$ $\ldots,$ $P_{9}$ 1
. (1) ((2) 9
).
$P_{5},$ $P_{6}$ , P7 . , $C_{0}$ $P_{1}+\cdots+P_{8}+\overline{P}_{9}=O$ ,
$P_{\delta}r+P_{6}+P_{7}=O$ , $P_{1}+\cdots+P_{4}+P_{8}+\overline{P}_{9}=O$ . , $P_{1}$ , . . . , $P_{8},\overline{P}_{9}$ (
85
4: $P_{10}$
$P_{10})$ 3 $C$ $P_{5},$ $P_{6},$ $P_{7}$ $\ell$ $P_{1}$ , . . . , $P_{4}$ , $P_{8},$ $\overline{P}_{9}$ 2 $C’$ .
, $P_{10}\in\ell$ , $\overline{P}_{10}\in\ell$ ( , ).
, Pl . , 2 $C’$ $P_{1}$ ,
$F_{2)}P_{3}$ $P_{1}=(1$ : 0:0$)$ , $P_{2}=(0:1 : 0)$ , $P_{3}=(0:0:1)$ (
),
$P_{10}=f=(f1 : f_{2} : f_{3})$ , $\overline{P}_{10}=\overline{f}=(\overline{f}_{1} : \overline{f}_{2} : \overline{f}_{3})$, $P_{8}=x=(x_{1} : x_{2} : x_{3})$ , $\overline{P}_{9}=\overline{y}=(\overline{y}_{1} : \overline{y}_{2} : \overline{y}_{3})$,








$\frac{f_{3}}{\frac{\frac x_{3}f_{3}}{\overline{y_{3}1}}}|=0$ . (36)
$x,$ $u,$ $f$ $\overline{y},$
$u,\overline{f}$ 1 , $\alpha,$ $\beta,$ $\gamma,$ $\mathit{5}$







, $u$ 5 $P_{1},$ $P\circ\sim’ P_{3},$ $x=P_{8},$ $\overline{y}=\overline{P}_{9}$ 2 $C’$
$\mathrm{a}$ .
$u$ 2 , $u=(1$ : 0 : 0 $)$ , (0 : 1:0), (0 : 0:1), $(x_{1} : x_{2} : x_{3}),$ $(\overline{y}_{1} : \overline{y}_{2} : \overline{y}_{3})$ 0
.









$\lambda=(a, x)$ , $\mu=(a,\overline{y})$ . (39)
(37) (35), (36) . , (35) (37)
$\lambda(a, \overline{f})=(a,\overline{y})(a, Df)-(a, Df)(a,\overline{y})=0$ ,
$\mu(a, f)=(a,x)(a,$ $D^{-1}\overline{f}\mathrm{i}-(a, D^{-1}\overline{f})(a, x)=0$ ,










. (37) 2 . , (37) compatibility . 2 1
$\mu f$
.
$=$ $(a,x)D^{-1}( \frac{(a,\overline{y})}{\lambda}Df-\frac{(a,Df)}{\lambda}\overline{y})-(a,$ $D^{-1}( \frac{(a\overline{y}))}{\lambda}Df-\frac{(a,Df)}{\lambda}.\overline{y}))x$
$=$ $\frac{(a,x)(a,\overline{y})}{\lambda}f-\frac{(a,\overline{y})(a,f)}{\lambda}x-\frac{(a,Df)}{\lambda}\{(a, x)D^{-1}\overline{y}-(a, D^{-1}\overline{y})\}$
, 2 (35) , 3 0 . , (37) compatible
$\lambda\mu=(a, x)(a,\overline{y})$ . , $\lambda=(a, x),$ $\mu=(a,\overline{y})$ .
(37) .
3 (2 ) . (37) 1 (35) 1 $f_{3}$ ,
$\overline{y}_{3}(a, x)(\overline{y}_{2}\overline{f}_{1}-x_{2}f_{1})=a_{2}(f_{2}x_{1}-f_{1}x_{2})(\overline{y}_{3}x_{2}-\overline{y}_{2}x_{3})$ , (40)
. (37) 2 (35) 2 $\overline{f}_{3}$ ,
$x_{3}(a,\overline{y})(x_{2}\overline{f_{1}.}-\overline{y}_{2}\overline{f}_{1})=a_{2}(\overline{f}_{2}\overline{y}_{1}-\overline{f}_{1}\overline{y}_{2})(x_{3}\overline{y}_{2}-x_{2}\overline{y}_{3})$ , (41)
. (41) $\text{ }$ , $5\mathrm{H}\mathrm{a}^{\mathrm{k}}$ $x=P_{8},$ $y=P_{9},$ $f=P_{10}$
, $\ell$ ( ,
$\underline{x}_{3}(a, y)(\underline{x}_{2}f_{1}.-y_{2}f_{1}.)=a_{2}(f_{2}y_{1}-f1y_{2})(\underline{x}_{3}y_{2}-\underline{x}_{2}y_{3})$ , (42)
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. (40) (42) $f_{2}$ , $f1$ 2
$\frac{y_{1}\overline{y}_{3}(a,x)(\overline{y}_{2}\overline{f}_{1}-x_{2}f_{1})}{x_{2}\overline{y}_{3}-x_{3}\overline{y}_{2}}+\frac{x_{1}\underline{x}_{3}(a,y)(\underline{x}_{2}\underline{f}_{1}-y_{2}f_{1})}{\underline{x}_{2}y_{3}-\underline{x}_{3}y_{2}}=a_{2}(x_{1}y_{2}-x_{2}y_{1})$
fl (43)
. (43) . ,
(43) $P_{1},$ $P_{2}$ , $P_{3}$ ( $2$ $C’$ 3 ) (1 : 0:0) (0: 1 : 0), (0: 0: 1)
, (43)
. $d_{ijk}=\det[P_{i}, P, {}_{j}P_{k}]$ . , 2 $(a_{1} : a_{2} :a_{3}),$ $(b_{1} ; b_{2} : b_{3})$
$|\begin{array}{lll}a_{1} b_{1} x_{1}a_{2} b_{2} x_{2}a_{3} b_{3} x_{3}\end{array}|=0$ ,
( $x_{i}$ 1 , $x=a,$ $b$ 0) , , ,
$P_{5},$ $P_{6},$ $P_{7}$ 1 $p$ , $d_{567}=0$ . $(a, x)=d_{568},$ $(a, y)=d_{569}$ .
$\text{ }l_{L}^{-}$ ,
fi $=|\begin{array}{lll}0 0 f_{1}1 0 f_{2}0 1 f_{3}\end{array}|=d_{2310}$ , $\overline{y}_{2}=|001$ $001$ $\overline{\frac{}{y}y}_{1}\overline{y}_{2}3|=d_{31\overline{9}}$, $\overline{y}_{3}=|\begin{array}{ll}1 0\overline{y}_{1}0 1\overline{y}_{2}0 0\overline{y}_{3}\end{array}|=d_{12\overline{9}}$,
, (43) . , (43)
$\frac{d_{239}d_{12\overline{9}}d_{568}(d_{31\overline{9}}d_{23\overline{10}}-d_{318}d_{2310})}{d_{18\overline{9}}}+\frac{d_{238}d_{12\underline{8}}d_{569}(d_{31\underline{8}}d_{23\underline{10}}-d_{319}d_{2310})}{d_{1\underline{8}9}}=d_{562}d_{389}d_{2310}$ ,
, $GL(3)$ $P_{i}$ (i—l, $\ldots,$ $10$ ) $\mathbb{C}^{\mathrm{x}}$ ( 0 )
. , $d_{123}$ ,
$\frac{d_{239}d_{12\overline{9}}d_{568}(d_{31\overline{9}}d_{23\overline{10}}-d_{318}d_{2310})}{d_{18\overline{9}}}+\frac{d_{238}d_{12\underline{8}}d_{569}(d_{31\underline{8}}d_{23\underline{10}}-d_{319}d_{2310})}{d_{1\underline{8}9}}=d_{562}d_{389}d_{2310}d_{123}$, (44)
( ).
2 $C’$ $P_{1}$ , $P_{2}$ , $P_{3}$ (1 : 0:0), (0 :1:0), (0: 1 : 0)
, $C’$ $P_{1},$ $P_{2}$ , $P_{3},$ $P_{4}$ 3 , ,
. , :











$/\iota_{I}=\lambda_{I}|_{8arrow 9,\overline{9}arrow 8}$ .
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$\{\mathrm{i}jk\}=\{123\}$ (44) . $\{ijk\}$
, $\overline{P}_{10},$ $\underline{P}_{10}$ normalization , $\lambda_{I},$ $\mu_{I}$
. , $(\mathrm{i},j, k)=(1,2,3)$ (4, 2, 3) $\lambda\{423\}$
. $d_{2310}$ , (45) $d_{23\overline{10}}$ ( )
$c_{\{123\}}\lambda_{\{123\}^{\frac{d_{13\overline{9}}}{d_{138}}}}=c_{\{423\}}\lambda_{\{423\}^{\frac{d_{43\overline{9}}}{d_{438}’}}}$ $c_{\{ijk\}}= \frac{d_{jk9}d_{ki8}d_{ij\overline{9}}d_{568}}{d_{i8\overline{9}}d_{ijk}d_{k89}d_{56j}}$ ,
. ,
$\frac{c_{\{123\}}}{c_{\{423\}}}=\frac{d_{318}d_{12\overline{9}}d_{48\overline{9}}d_{423}}{d_{18\overline{9}}d_{123}d_{348}d_{42\overline{9}}}=\frac{d_{381}d_{2\overline{9}1}d_{8\overline{9}4}d_{234}}{d_{384}d_{2\overline{9}4}d_{8\overline{9}1}d_{231}}$ ,




, $P_{a}$ 2 , 2 $f(P_{a})=0$ 5 $P_{2},$ $P_{3},$ $P_{4)}P_{8)}\overline{P}_{9}$ ( $P_{a}$






(45) djk’ 2 . , 32
$\lambda,$
$\mu$ , $GL(3)$ $\mathbb{C}^{\mathrm{x}}$ ,
.
, Riccati , , $T_{89}$ $P_{7}$ , $P_{8},$ $P_{9}$ 1
(2) , [28] 4
3.3 $E_{7}^{(1)}$
33 $T_{89}$ ( $P_{8},$ $P_{9}$ ) $P_{\mathrm{d}}$ , $P_{6},$ $P_{7}$ 1
$P_{10}$ . , $P_{1},$
$\ldots,$
$P_{9}$
(45) . , , $E_{7}^{(1)}$
.
$l$
Sakai , $E_{7}^{(1)}$ 9 6 2 , 3 , 3 2
[3]. $P_{3},$ $P_{4},$ $P_{5}$ , P7, $P_{8)}P_{9}$ 2 02 , $P_{1},$ $P_{2},$ $P_{6}$ $L$
, :
$P_{i}=\{$
$(-u_{i}$ : 0 : 1 $)$






, $P_{1,)}\ldots P_{9}$ 3 $C$ $y^{3}-xyz=0$ . $C_{2}$ $y^{2}-xz=0,$ $L$ $y=0$ .
, . $\overline{P}\mathrm{g}$ $P_{1}$ , . . . , $P_{8}$ , $\overline{P}\mathrm{g}$ 3 pencil base
point . $P_{1}$ , . . . , $P_{8},$ $\overline{P}_{9}$ 3 ,
$F(x,y, z)=c_{1}x^{3}+c_{2}x^{2}y+c\mathrm{s}x^{2}z+c_{4}xy^{2}+\mathrm{c}_{5}xz^{2}+c_{6}xyz+c_{7}y^{3}+c_{8},y^{2}z+c_{9}yz^{2}+c_{10}z^{3}=0$ ,
, $c_{1},$ $\ldots,$ $c_{10}$ 9
$\{$
$-u_{1}^{3}$ 0 $u_{1}^{2}$ 0 $-?41$ 0 0 0 0 I
$-u_{2}^{3}$ 0 $u_{2}^{2}$ 0 $-u_{2}$ 0 0 0 0 1
1 $u_{3}$ $u_{3}^{2}$ $u_{3}^{2}$ $u_{3}^{4}$ $u_{3}^{3}$ $u_{3}^{3}$ $u_{3\iota}^{4}$ $u_{3}^{5}$ $u_{3}^{6}$
1 $u_{4}$ $u_{4}^{2}$ $u_{4}^{2}$ $u_{4}^{4}$ $u_{4}^{3}$ $u_{4}^{3}$ $u_{4}^{4}$ $u_{4}^{5}$ $u_{4}^{6}$
1 $u5$ $u_{5}^{2}$ $u_{5}^{2}$ $u_{5}^{4}$ $u_{5}^{3}$ $u_{5}^{3}$ $u_{5}^{4}$ $u_{5}^{5}$ $u_{5}^{6}$
$-u_{6}^{3}$ 0 $u_{6}^{2}$ 0 $-u6$ 0 0 0 0 1
1 $u7$ $u_{7}^{2}$ $u_{7}^{2}$ $\chi_{7}^{4}$ $u_{7}^{3}$ $u_{7}^{3}$
.
$u_{7}^{4}$ $u_{7}^{5}$ $u_{7}^{6}$
1us $u_{\tilde{8}}^{\gamma}$ $?x_{8}^{2}$ $u_{8}^{4}$ $u_{8}^{3}$ $u_{8}^{3}$ $u_{8}^{4}$ $u_{8}^{5}$ $u_{8}^{6}$













. 3 pencil , 2 .
8, , 9 $\mathrm{x}9$ 0 ,
1 , 0 .
$u_{1}\cdot$ . $\circ u8\text{ }=1$ , (49)
. $q=1/$ ($u_{1}\cdots$ u9) ,
$u_{\overline{9}}=qu_{9}$ , (50)
.
$\overline{P}_{8}$ . $\overline{P}_{8}$ $P_{8}+P_{9}=\overline{P}\mathrm{s}+\overline{P}_{9}$ , $P_{8},$ $P_{9}$ 3 $C$ ,
–
$P_{8},\overline{P}_{9}$ $C$ . $P_{8},$ $P_{9}$ 2 02 ,
$C$ $L$ . ,
$|\begin{array}{lll}1 1 -uu_{8} u_{9} 0u_{8}^{\mathrm{Q}}\sim u_{9}^{2} 1\end{array}|=0$ $arrow u=\frac{1}{u_{8}u_{9}}$ , $(-1/(u_{8}u_{9}) : 0 : 1)$ ,
90
. $\overline{P}_{8}$ $\overline{P}_{9}$ $C$(2 $C_{2}$ ) ,
$|\begin{array}{lll}1 1 -1/(u_{8}u_{9})u_{\overline{9}} u_{\overline{8}} 0u\frac{2}{9} u\frac{2}{8} 1\end{array}|=0-u_{\overline{8}}=\frac{u_{8}u_{9}}{u_{\overline{9}}}=u_{8}/q$ ,
.
, $P_{5}$ , $P_{6}$ , $P_{7}$ 1 ,
$d_{567}=|u_{5}^{2}u_{5}1$ $-u_{6}01$ $u_{7}^{2}u_{7}1|=(u_{5}u_{6}u_{7}-1)(u_{5}-u\tau)=0-u_{5}u_{6}u_{7}=1$ , (51)
.
. 33 $(\mathrm{i},j)k)=(1,2,3)$ , (47) ,
$A(l\overline{F}-F)-BF+C(m\underline{F}-F)=0$ , $F=d_{2310,}$.
$\frac{A}{B}=\frac{qu_{9}[58][138][568][239]}{u_{3}u_{5}[26][89][8\urcorner 9[18\neg 9}$ , $1= \frac{[3\overline{9}][13\neg 9}{[38][138]}$ , (52)
$\frac{c}{B}=\frac{qu_{8}[59][139][569][238]}{u_{3}u_{5}[26][98][9\underline{8}][19\underline{8}]}$ , $m= \frac{[3\underline{8}][13\underline{8}]}{[39][139]}$ ,
. ,
$[\mathrm{i}j]=ui-uj$ , $[\mathrm{i}jk]=1-uiujuk$ , (53)
, , $\phi=8W_{7}$ ( $a_{0\}}.a_{1}$ , a2, $a_{3},$ $a_{4},$ $a_{5)}.q,$ $z$), $z= \frac{a^{2}q^{2}}{a_{1}a_{2}a_{3}a_{4}a_{\mathrm{S}}}$ 3
$L \{\frac{(1-a_{1})(1-a_{0}/a_{1})}{(1-a_{2}/q)(1-a_{0}q/a_{2})}\overline{\phi}-\phi\}+M\{\frac{(1-a_{2})(1-a_{0}/a_{2})}{(1-a_{1}/q)(1-a_{0}q/a_{1})}\underline{\phi}-\phi\}$




$\overline{\phi}=\phi(a0;qa_{\mathrm{I}},a_{2}/q_{7}a_{3}, a_{4}, a_{5})\}$ $\underline{\phi}=\phi(a_{0)}.a_{1}/q, qa_{2}, a_{3}, a_{4}, a_{5})$ ,
[29]. 9
$F=g\Phi$ , $\overline{g}=l^{-1}\frac{[56\neg 9[258]}{[568][25\urcorner 9}g$,
(52) (54), (55) ,
$\Phi=8W_{7}$ ( $a0;a_{1}$ ,a2, $a_{3}$ , $a_{4},a_{5}$ ; $q,$ $z$ ), $z= \frac{a_{0}^{2}q^{2}}{a_{1}a_{2}a_{3}a_{4}a_{5}}$ , (56)
$a_{0}=u_{2}u_{5}^{2}$ , $a_{1}= \frac{u_{5}}{u_{8}}$ , $a_{2}= \frac{u_{\mathrm{d}}\prime}{u_{9}}$
.
$a_{3}= \frac{qu_{5}}{u_{3}})$ $a_{4}= \frac{u_{5}}{u_{4}}$ , $a_{5}= \frac{u_{2}}{u_{6}}$ , (57)
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4 $q$-Painlev\’e : $E_{7}^{(1)}$
$\mathrm{P}^{2}$ 3 $E_{7}^{\langle 1)}$ . $F=d_{1210}$
(6) $f,$ $g$ $\acute{(}1$ ) ,
. (6) ,
, . , $E_{7}^{(1)}$ , $q$-Painleve
. .
41 $E_{7}^{(1)}$ qqPainle (6) ,
$z= \frac{g-t/b_{1}}{g-1/b_{5}}$ , (58)
. ,
$z= \frac{1-b_{3}/b_{1}}{1-b_{3}/b_{5}t},\cdot\frac{8W_{7}(a\cdot qb,c,d_{7}e)f,q,qa^{2}/bcdef)}{\mathrm{s}W_{7}(a’ b,c,d,e,fq,q^{2}a^{2}/bcdef)}.\cdot..$ , (59)
$a=b_{1}b_{8}/b_{3}b_{5\}}b=b_{8}/b_{5},$ $c=b_{2}/b_{3_{1}}d=b_{1}t/b_{5},$ $e=b_{1}/b_{5}t,$ $f=b_{4}/b_{3}$ , (60)
(6)
$b_{1}b_{3}=b_{5}b_{7}$ $(b_{2}b_{4}=qb_{6}b_{8})$ , (61)
. $termi\tau\iota ating$ ,
$f=b_{4}/b_{3}=q^{-n}$ , $n\in \mathbb{Z}\geq 0$ , (62)
terminating balanced $4\varphi 3$ (Askey-Wilson ) :
$z= \frac{1-b_{3}/b_{1}}{1-b_{3}/b_{5}t}\frac{4\varphi 3(a/b,aq/c,def/a.q,q)a/bc,d,e,f}{q,q)}.,\cdot$ (63)
$4\varphi 3(\begin{array}{l}aq/bc,d,e,faq/b,aq/c,def./a\end{array}$
: Askey-Wilson $\prime p_{n}(x;\alpha, \beta_{\gamma}\gamma, \delta)$
$p_{n}(x;\alpha,\beta,\gamma, \delta)=\alpha^{-n}(\alpha\beta, \alpha\gamma, \alpha\delta;q)_{n4}\varphi_{3}(\alpha\beta\gamma\delta q^{n-1},$$\alpha t \alpha/t,q^{-n}\alpha\beta,$
$\alpha\gamma,\alpha\delta$
; $q,$ $q)$ , $x=. \frac{t+t^{-1}}{2}$ , (64)
[18].
, Riccati .
42 $b_{1}b_{3}=b_{5}b_{7}$ ( $b_{2}b_{4}=qb_{6}b_{8}$), (6) Riccati
$\overline{g}$ $=$ $. \frac{(b\overline{t}-1)f+t\{-(b_{6}+b_{8})\overline{t}+(b_{2}+b_{4})_{f}^{\tau}}{\{-(b_{6}+b_{8})+(b_{2}+b_{4})t\}f+b_{6}b_{8}(1-t\overline{t})}.$, (65)
$f$ $=$ $\frac{(t^{2}-1)b_{5}b_{7}g+t\{(b_{1}+b_{3})-(b_{5}+b_{7})t\}}{\{t(b_{1}+b_{3})-(b_{5}+b_{7})\}g+(1-t^{2})}$ , (66)
.
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42 $[7, 8]$ , . (6) :
$\frac{f\overline{g}-\overline{t}t}{f\overline{g}-1}$ $=$ $\frac{(f-b_{2}t)(f-b_{4}t)}{(f-b_{8})(f-b_{8})}$ , (67)
$\frac{fg-t^{2}}{fg-1}$ $=$ $\frac{(f-b_{1}t)(f-b_{3}t)}{(f-b_{5})(f-b_{7})}$ , (68)
$\frac{\underline{f}g-t\underline{t}}{\underline{f}g-1}$ $=$ $\frac{(g-t/b_{2})(g-t/b_{4})}{(g-1/b_{6})(g-1/b_{8})}$ , (69)
$\frac{fg-t^{2}}{fg-1}$ $=$ $\frac{(g-t/b_{1})(g-t/b_{3})}{(g-1/b_{5})(g-1/b_{7})}$ . (70)




, $b_{1}b_{3}=b_{5}b_{7}$ 3 , Riccati (66)
$f= \frac{(t^{2}-1)b_{5}b_{7}g+t\{(b_{1}+b_{3})-(b_{5}+b_{7})t\}}{\{t(b_{1}+b_{3})-(b_{5}+b_{7})\}g+(1-t^{2})}$,
. , (68) $b_{1}b_{3}=b_{5}b_{7}$
$g= \frac{(t^{2}-1)f+t\{(b_{1}+b_{3})-(b_{5}+b_{7})t\}}{\{t(b_{1}+b_{3})-(b_{5}+b_{7})\}f+b_{5}b_{7}(1-t^{2})}$ ,
. $f$ (66) , (70) (68) consistent (66)
. (65) (67) (69) .
22 , (65), (66) 2
.
$z= \frac{g-t/b_{1}}{g-1/b_{5}}$ , (71)





$B$ $=$ $-(b_{1}-b_{4})b_{5}^{2}(b_{1}b_{4}-qb_{6}b_{8})t(b_{5}-b_{3}t)(-1+qt^{2})$ , (74)






Riccati (72) , $z=F/G$ . $H$ ,
$\overline{\frac{F}{H}}=AF+BG$ , $\overline{\frac{G}{H}}=CF+DG$ , (77)
. (77) $G$ , $F$ 2
$\overline{F}-c_{2}F+c_{3}\underline{F}=0$ , $c_{2}=\underline{\frac{H}{B}}(A\underline{B}+B\underline{D})$ , $c_{3}=\underline{\frac{B}{B}}H\underline{H}(\underline{AD}-\underline{BC})$ , (78)
. 2 ,
$(\overline{F}-F)+(1-c_{2}+c_{3})F+c_{3}(\underline{F}-F)=0$, (79)
, $c_{3}$ , $1-c_{2}+c_{3}$ . ,
.
1: $H$ , $1-c_{\nearrow 2}+c_{3}$ 1 . ,
(79) 2 .
$E_{7}^{(1)}$ . $8W7$ , \mbox{\boldmath $\xi$}X $H$
. ,
, (77) $F$ , $G$ 2
$(\overline{G}-G)+(1-d_{2}+d_{3})G+d_{3}(\underline{G}-G)=0$ , $d_{2}=\underline{\frac{FI}{D}}(D\underline{C}+C\underline{A})$ , $d_{3}=\underline{\frac{c}{c}}H\underline{H}(\underline{AD} -\underline{BC})$ , (80)
. $H$ $1-d_{2}+d_{3}$ , v‘ . ,
$\kappa$ , $Garrow/\sigma G,$ $\overline{\kappa}=k/\sigma$ . ,
$z= \frac{1}{\kappa}\frac{F}{G}$ , (81)
$(\overline{G}-G)+(1-d_{2}+d_{3})G+d_{3}(\underline{G}-G)=0$ , $d_{2}= \frac{H}{k}\frac{1}{\underline c}(D\underline{C}+C\underline{A})$, $d_{3}= \frac{H\underline{H}}{k\underline{k}}\underline{\frac{c}{c}}(\underline{AD}-\underline{BC})$ . (82)
, $H$ , $k$ $1-d_{2}+d\mathrm{s}$ .
$H/k=\tilde{H}$ , .
2:
$(\overline{G}-G)+(1-d_{2}+d_{3})G+d_{3}(\underline{G.}-G)=0$, $d_{2},’---\underline{\frac{\overline{H}}{c}}(DQ+C\underline{A},\mathrm{I},$ $d_{3}=\underline{\frac{c}{c}}\overline{H}\underline{\tilde{H}}(\underline{AD}-\underline{BC})$ , (83)
, $\tilde{H}$ , $1+d_{3}-d_{2}$ . , (83)
2 . $F$ , .
84
,
$z= \frac{1}{\kappa}\mathrm{x}\frac{\theta_{1}\phi_{1}}{\theta_{2}\phi_{2}}$ , $\frac{H}{\overline{H}}=k$ , $\overline{\frac{\kappa}{\kappa}}=k$ (84)
. , $\phi_{i}(\mathrm{i}=1,2)$ , $\theta_{i}(\mathrm{i}=1,2)$ . $\theta_{i}$
4
3:
$\overline{\frac{F}{H}}=AF+\kappa BG$ , $\frac{\overline{\kappa}\overline{G}}{H}=CF+\kappa DG$ , (85)
, $\theta_{i}$ .
, (72)-(76) . , $\Phi=$
$\Phi(a,\cdot b, c, d, \mathrm{e}, f)=\mathrm{s}W_{7}(a;b, c, d, e, f;q, z),$ $z=q^{2}a^{2}/bcdef$ 2 (54)







1,2 : $H,\overline{H}$ , (79) (83) (86), (87) .
:
$H= \frac{qb_{8}t-b_{3}}{qb_{1}b_{5}(b_{1}t-b_{5})(b_{3}t-b_{8})(b_{4}t-b_{6})(b_{5}t-b_{3})(qb_{8}b-b_{4})}$ , (88)
$\tilde{H}=\frac{qb_{8}t-b_{3}}{b_{1}b_{5}(b_{1}t-b_{5})(b_{3}t-b_{8})(b_{4}t-b_{6})(qb_{5}t-b_{3})(qb_{8}t-b_{4})}$, $\backslash ^{89)}\gamma$
$F\propto\Phi(a;qb, c, d, e, f)$ , $G\propto\Phi(a;b, c, d, e, f)$ ,
(90)
$a=b_{1}b_{8}/b_{3}b_{5},$ $b=b_{8}/b_{5},$ $c=b_{1}t/b_{5},$ $d=b_{1}/b_{5}t,$ $e=b_{2}/b_{3},$ $f=b_{4}/b_{3}$
$\text{ }_{\llcorner}^{-}$ ,
$k= \frac{H}{\tilde{H}}=\frac{qb_{5}t-b_{3}}{q(b_{5}l-b_{3})}=\overline{\frac{\kappa}{\kappa}}$ $arrow\kappa=1-\frac{b_{3}}{b_{5}t}$ . (91)
3: $a,$ $e,$ $f$ , $\mathrm{s}W_{7}(a;b, c, d, e, f.\}q, z)=\Phi(b, c, d)$
.
$F=\theta(qb, c,d)\Phi(qb,\mathrm{C}_{\}}d)$ , $G=\theta(b, c,d)\Phi(b, c, d)$ ,
, (85)
$\frac{1}{\kappa HB}\frac{\theta(qbq_{\mathrm{C}_{)}})d/q)}{\theta(b,c,d)}\Phi(qb,qc,d/q)=\frac{A}{\kappa B}\frac{\theta(qb,c,d)}{\theta(b,c,d)}\Phi(qb,c_{1}d)+\Phi(b, c, d)$ , (92)




$- \frac{c(1-aq/cd)(1-aq/ce)(1-aq/cf)}{1-aq/c}\Phi(b, c/q)=(b-c)(1-a^{2}q^{2}/bcdef)\Phi(b, c)$, (94)
$(c-1)(1-a/c)\Phi(b/q, qc)+(1-b/q)(1-aq/b)\Phi(b, c)=(c-b/q)(1-aq/bc)\Phi\{b/q,$ $c$), (95)
, $\Phi$ $b,$ $c,$ $d,$ $e,$ $f$ (
). (92), (93) ,
:
$\frac{\theta(qb,c,d)}{\theta(b,\mathrm{C}_{)}d)}=1-b/a=1-\frac{b_{3}}{b_{1}}$ , $\frac{\theta(b,qc,d/q)}{\theta(b,c,d)}=1$ , $\frac{\theta(qb,qc,d/q)}{\theta(b,c,d)}=1-\frac{b_{3}}{b_{1}}=\frac{\theta(qb,c,d)}{\theta(b,c,d)}\mathrm{x}\frac{\theta(b,qc,d/q)}{\theta(b,c,d)}$.
,
$\theta(b, c, d)=(b/aq)_{\infty}=(b_{3}/qb_{1})_{\infty}$ , (96)
$z= \frac{1}{\kappa}\frac{F}{G}=\frac{1}{1-b_{3}/b_{5}t}\frac{\theta(qb,c,d)}{\theta(b,c,d)}\frac{\Phi(qb,c,d)}{\Phi(bc,d))}=\frac{1-b_{3}/b_{1}}{1-b_{3}/b_{5}t}\frac{\Phi(qb,c,d)}{\Phi(b,c,d)}$, (97)
. 4.1 .
4.1 , $\mathrm{W}\mathrm{a}\mathrm{t}\mathrm{s}\mathrm{o}\mathrm{r}1’\mathrm{S}$ transformation formula[18]
$8W_{7}(a;b, c, d, e, f;q, q^{2}a^{2}/bcdef)= \frac{(aq,aq/deaq)/df,aq/ef)_{\infty}}{(aq/d,aq/e,aq/f’,aq/def)_{\varpi}}4\varphi 3(aq/b,aq/c,def/aaq/bc_{1}d,e,$
$f$
; $q_{7}q)$ , (98)
. terminating , $f=q^{-}"$ , $n\in \mathbb{Z}_{>0}$ ,
$\frac{(aq/df)_{\infty}}{(aq/d)_{\infty}}---\frac{(1-q^{n+1}a/d)(1-q^{n+2}a/d)}{(1-qa/d)(1-q^{2}a/d)}\ldots\cdots=\frac{1}{(aq/d)_{n}}$ ,
,
$8W_{7}(a;b, c, d, e, f;q, q^{2}a^{2}/bcdef)= \frac{(aq,aq/de)_{n}}{(aq/d,aq/e_{/n}^{\}}}4\varphi \mathrm{s}(aq/b,aq/c,def/aaq/bc,$
$d_{1}e,$ $f\}.q,$ $q)$ , (99)
. (97) .
5
, Painleve’ Painleve . Sakai
, master equation Painlev\’e ,
Painleve’ , . $\mathrm{P}^{2}$ $E_{8}^{(1)}$ affine Weyl
, Painleve , 2
$1\mathit{0}^{E}9$ [22]
. , , (1) q-Painleve









$0b$ ; $q,$ $z)$
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. $E_{7}^{(1)}$ , .
, , . ,
[22] $[24, 25]$ \tilde
, Painleve’ ? Sakai
, B\"acklund . , ,
. $D_{5}^{(1)}$ (qPVI)[5, 6, 30] $(A_{2}+A_{1})^{(1)}(q\mathrm{P}_{\mathrm{I}\mathrm{I}\mathrm{I}}, q\mathrm{P}_{\mathrm{I}\mathrm{V}})[11,12,13,31]$
, Lax pair ( ,
, ) , ,
. , , ,
( $\mathrm{P}\mathrm{v}\mathrm{I}$ Picard
) , . , Lax pair .
, Painleve’ ,
\searrow \searrow . ,
. , .
, Painleve ( ) 3
, ,
. , Painleve’ , Painleve’ ,
( ) [32].
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